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Radiation and Phase Change of Lithium Fluoride
in an Annulus

Kurt O. Lund*
University of California, San Diego, La Jolla, California 92093

A one-dimensional thermal model is developed to evaluate the effect of radiation on the phase change of
lithium-fluoride (LiF) in an annular canister under gravitational and microgravitational conditions. Specified
heat flux at the outer wall of the canister models focused solar flux; adiabatic and convective conditions are
considered for the inner wall. A two-band radiation model is used for the combined-mode heat transfer within
the canister, and LiF optical properties relate metal surface properties in vacuum to those in LiF. For axial
gravitational conditions, the liquid LiF remains in contact with the two bounding walls, whereas a void gap is
used at the outer wall to model possible microgravitational conditions. For the adiabatic cases, exact integrals
are obtained for the time required for complete melting of the LiF. Melting was found to occur primarily from
the outer wall in the 1-g model, whereas it occurred primarily from the inner wall in the fju-g model. For the
convective cases, partially melted steady-state conditions and fully melted conditions are determined to depend
on the source flux level, with radiation extending the melting times.

Nomenclature
A = adiabatic wall 2, area m2

B = Biot-type (convective) wall 2
C = liquid contact at wall 1
c = specific heat, J/kg K
/ = radiation function, Appendix A
G = void gap at wall 1
gs = scaled heat flux source, gsm/e0m
gsm = scaled heat flux source, qjo-T^
H = heat of fusion, J/kg
h = heat transfer coefficient, W/m2 K
/ = radiation integral, Appendix A
K = scaled linearized radiation conductance
k = conductivity, W/m K
N = radiation/conduction number, s0mNm
N' = radiation/conduction number, NKa
Nm = radiation/conduction number, crT^r/kel
P = radiation exchange function, Appendix A
Q = rate of heat transfer, W
qs = heat flux source, W/m2

R = thermal resistance; K/W, K4/W
r = radius, m
Ar = phase change material overall thickness, ry - r2
T = absolute temperature, K
t = time, s
tc = time constant; s, p[Hsl&r2/kelTm
u, v = logarithmic functions
w = width (thickness) of wall, m
a = wall energy storage ratio, H^p^T^/Arp,/^
p = Biot number, h2kr/ke!
F = radius ratio, r-jrj
8j = outer scaled liquid thickness, (ry - ryw)/Ar
52 = inner scaled liquid thickness, (r2m - r2)/Ar
£ = emissivity
0 = scaled temperature defect, (i/r - l)/Ngs
K = conductivity ratio, keslkel
A - 1 - T, Ar/rj
/A = radiation parameter, —0.163
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p = density, kg/m3

a = Stefan-Boltzmann constant, 5.67 x 10 ~8 W/m2 K4

T = scaled time, tltc
r' = scaled time for adiabatic wall 2, Ngsr = tqjpfl^
r" = scaled time for convective wall 2, (1 - i//f)r =

cj) = flux index
i/> = temperature ratio, T/Tm

Subscripts
a = a band (transparent band) of spectrum
b = b band (optically thick band)
e = effective
/ = fluid boundary
fm = fully melted
h = convective
/ = surface index, ; or 2
j = surface index, 1 or 3
k = conduction
/ = liquid
m — melting condition or temperature
r = radiative
s = solid, source
st = storage
w = wall
0 = vacuum, initial conditions
1 = wall 1, outer wall
2 = wall 2, inner wall
3 = surface 3 (at gap facing outer wall)

Introduction

T HE behavior of phase transition is central to the under-
standing of phase-change thermal energy storage for de-

velopment of solar dynamic space power.1 Therefore, ground
tests have been conducted,2 Space Shuttle flight experiments
have been planned,3-4 and numerical analyses have been per-
formed to determine two-dimensional5 and three-dimensional6

effects of the phase transition process. These analyses and
experiments utilize an annular canister containing the phase
change material (PCM), where a solar heat flux (or electrically
simulated flux) is impressed on the outer wall of the canister
(^ in Fig. 1); the inner wall (r2) either is convective or is
nearly adiabatic during the heat addition.

In application to heat receivers, the PCMs are high- tem-
perature salts, such as lithium-fluoride (LiF) with a melting
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temperature of 1120 K (1556°F) [or the eutectic LiF-CaF2
which melts at 1040 K (1412°F)]. At these temperatures ra-
diative transport can be a significant part of the overall heat
transfer processes within the canisters. In the previous two-
dimensional model5 radiation was not included, and in the
three-dimensional model6 the effect of radiation is obscured
by the complexity of the numerical computations; in the flight
experiments,3'4 radiation will occur naturally, but the radiative
effect cannot be determined directly and must be deduced
from canister surface temperatures. Therefore, there is a need
for basic models and solutions for the high-temperature en-
closure with PCM and radiation; a one-dimensional analysis
is presented in this article.

The high-temperature salts exhibit considerable contraction
upon solidification, which can lead to void formation at the
outer wall under microgravity conditions in space. Hence, in
this case, radiation is the dominant mode of heat transfer, in
contrast to axial 1-g conditions where liquid PCM contacts
the wall and conduction is dominant. Four cases are consid-
ered here which model behaviors for adiabatic and convective
inner wall conditions, and under axial 1-g and ^t-g conditions.

Radiation within the canister enclosure follows conven-
tional spectral exchange between surfaces, except that the
intervening medium, LiF, has spectral properties which differ
from those of vacuum. Therefore, accurate application re-
quires spectral integrations; these are presented in Appendix
A where metal surface properties in vacuum are related to
those in the presence of the LiF medium. Following Williams7

and Song and Viskanta,8 a two-band approximation is made
utilizing recent measurements of LiF optical properties as
summarized by Palik and Hunter.9

A two-surface thermal model is developed in the next sec-
tion for adiabatic and convective boundary conditions at the
inner radius, and imposed heat flux at the outer radius. This
differs from the usual Stefan problem where the temperature
at a boundary is suddenly changed (e.g., Yao and Prusa,10

Burmeister,11 or Solomon12), resulting in a boundary layer
growing in time as the error function (e.g., Arpaci and Larsen13).
However, as shown in Appendix B, with the presently im-
posed heat flux boundary condition, this layer does not de-
velop, with the result that PCM temperatures change only
slowly in a quasisteady fashion, as was previously observed.8

For the liquid PCM it is assumed that the conduction limit
applies, such that natural convection boundary layers do not
develop significantly, and such that the phase-change bound-
ary remains axially uniform. This is valid for Rayleigh num-
bers below 1700 for rectangular enclosures,14 but has also been
demonstrated experimentally for much larger Rayleigh num-
bers with a heat flux boundary and a 4.5 aspect ratio.15 This
is considered an excellent approximation under 1-g axial grav-
itational acceleration; under microgravity conditions the mag-
nitude of natural convection is suppressed, although some
convection effects can be present.16'17

Problem Formulation
The thermal model is for a solid region surrounded by liquid

at either or both r3m and r2m, as indicated in Fig. 1, and (in
some cases) having a narrow void gap near r^. The gap models
microgravity conditions where the PCM could completely so-
lidify, radially outwards, without making contact with the
outer wall. Under axial 1-g conditions, there will be contact
with the wall by liquid filling the annular gap. In these annular
liquid gaps, convection will be driven by the gravitational and
temperature fields, but without feedback to the thermal pro-
cess for small Rayleigh numbers and long aspect annuli.17 In
the following, four cases of analysis are considered: "A" and
"5" referring respectively to adiabatic and convective bound-
ary conditions at wall 2, and "C" and "G" referring to contact
and gap conditions at wall 1, respectively.

The heat transfer processes shown in Fig. 1 constitute a
combined radiation and conduction network. Radiation oc-

Fig. 1 Thermal model for radiation and phase-change in an annulus:
a) adiabatic inner wall, b) convective inner wall.

curs between walls 1 and 2 in the transparent spectral band
of the PCM (the a band), and to a lesser extent between
surfaces 1 and 3 in the optically thick band of the spectrum
(the b band), as shown in Appendix A. In each case consid-
ered, the initial condition is fully solidified PCM at wall 1 (or
surface 3), and at the melting temperature Tm. Under this
condition the sensible heat terms do not enter the problem,
and the quasisteady network indicated in Fig. 1 provides the
whole solution, as shown in Appendix B.

With reference to Fig. 1, the conduction heat transfer from
surface / to im (i = j or 2, j = 1 or 3) is given by

Qu = (T, - T,m)IRki

where resistances are

Similarly

T!m - T2

Qh2 = h2A2(T2 - 7»

(1)

(2)

(3)

(4)

(5)

(6)
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Qsti = (pc)wAlwl -^

Energy balances yield, respectively, on surface 1

(7)

& = Q™ + \Q:^ G (»>

Surface 3

on surface 2

(9)

and on surface 3

Q* =
The radiative heat rates are related to temperatures as

Qra = 2irr,e0ma-T4
mPa(^l, tfe) (11)

^6 = 2irr1e0m<rr«/tP6(0l, «fe) (12)

where, from Appendix A

P. = <M-5Wi, <fe) - "te'Wi, «fe) (13)
Pb = *\- W (14)

and JJL ~ 0.163 is a small parameter.
At the phase boundaries the heat added results in the move-

ment of the boundaries through Hsh the latent heat

= -2TTPlHslrjm-^, j = 1,3 (15)

slr2m (16)

In scaled, nondimensional terms, the above relations are
combined and summarized as follows:
Walll

= NP!M-a <*' -• 1);^ C

Wall 2

= ]/*(! + A62/T)/A,
^ [(1 - A5y)/F]/KA,

Surface ym (j = 1 or 3)

Surface 2m

- A5y)]/A

(r + AS2) - NP,, A
dr

(17)

(18)

(19)

(20)

(21)

(22)

(23)

Results
Case C-A

Under axial l-g conditions with liquid contacting wall 1 (C
cases), the energy storage in the canister walls is negligible
and the impressed heat flux effectively acts directly on the
PCM. With an adiabatic wall 2, conservation of energy re-
quires all of the energy to go into phase change; this results
in a closed form solution of the system [Eqs. (17-23)], ob-
tained from the sum of Eqs. (20) and (23):

8, - Ml/2 + F62 + A51/2 = Ngsr = T' (24)

In particular, for complete melting when r2m = rlm (8^ + 82
= 1), the scaled time is obtained from Eq. (24) as

^rfm = 7-L - (1 + F)/2 (25)

or, in dimensional variables, the fully melted time is

(26)

Thus, for case C-A, the time to melt the PCM is the phase-
change heat content, divided by the input heat transfer rate.

Because of the liquid contact with the canister walls, the
wall temperatures do not depart strongly from Tm; therefore,
for the C cases, it is adequate to use the linearized radiation
exchange, Pfl(</>i, i/>2) ^ ^(^i - W* where the constant is
Ka ~ 4.5 /Oc(l), and/0c is from Fig. Al of Appendix A.

For the parallel plate limit (A -» 0, T -» 1) the adiabatic,
linearized system has the exact solutions

T

~2

T'
~2

2 + N'r'
I + N'T'

N'r'
1 + N'T'

T ' (
4 V

T'

2 + N'r'\ I
,1 + N'T')

/2 + N'r'\

+ (1 + N
(1 + N'T'

/ N'T'

V)2

T

V
2 V I + N'T'/ V I + N'T')

(27)

(28)

(29)

(30)

These solutions clearly show the double surface phase-change
phenomenon (as also indicated in Fig. la). It is seen in Eqs.
(29) and (30) that 8^ grows linearly with r' for small N'T'
(i.e., initially), whereas 62 grows quadratically; the initially
linear phase boundary growth has been observed previously
in the absence of radiation.18

Wall temperatures are determined in this analysis, rather
than specified. The gradual increase in the wall temperatures
in Eqs. (27) and (28) shows the absence of thermal boundary
layers, as proved in Appendix B. From Eq. (27), the maxi-
mum wall temperature increase at complete melting when r'
= 1 is ^l5max - 1 = Ngs; in physical terms T^max - Tm =
qs(ri — ̂ /keh or about 25 K above 1120 K, which validates
linearization of the radiation term.

In the case of an annulus with finite radii (r-jr^ = F ± 1),
Eqs. (17-22) were solved by numerical integration, with re-
sults as shown in Fig. 2, for F = 0.5. The initially linear and
quadratic growth of the two phase fronts is evident; complete
melting occurred at Tr

fm = 0.75, as predicted by Eq. (25).
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Fig. 2 Growth of phase-change fronts for annulus with F = 0.5
(liquid contacts outer wall, adiabatic inner wall).

20 25 30
r" = r ( l - i f / t )

Fig. 3 Steady-state, partially melted phase fronts in annulus with
F = 0.5 (liquid contacts outer wall; convective inner wall; N' — 0.2;
K = 1.5; ——, 0 = 1; —--, /3 = 0.5).

Case C-B
With the convection heat sink at the inner wall, the pos-

sibility exists that qs may not be sufficient to cause any melting
at all. This is seen from the combination of Eqs. (17-20)
which yields

(i - AS,) = Ngs - pr(>i,2 - >ff) (3D

where the initial slope must be positive for 8l to grow; thus,
Ngs must be greater than the minimum

= jsr N' + 1/M0 + /3F
(32)

where from Eq. (19) u0 = &. (l/F)//cA, and \fi2Q = i/>2(0) is
obtained from Eq. (18). In dimensional variables with hrl =
£om°'TllKa, the limiting minimum heat flux for phase change
to occur is

0.6

1.5 2.5

Fig. 4 Fully-melted phase fronts in annulus with F = 0.5 (liquid
contacts outer wall; convective inner wall; N' = 0.2; K = 1.5; ——,
ft = 1; ...... ft = 0.5).

flux was taken as

0 < 0 < 1 (37)

(33)

which is the initial overall temperature difference over the
total thermal resistance. Similarly, there is a critical heat flux
for which the PCM just becomes 100% melted, and at steady
state with zero slope at 8l = 1; this is given by Eq. (31) as

Ngsl =
or

- 7})r2/r1

(34)

(35)

Partially melted and unmelted, conditions have also been ob-
served experimentally.2 Finally, there is a limiting flux above
which melting occurs from both sides

gs2 = Ngsl (AT'/icA) - A)]
(36)

however, for small AT, this is a high flux which is usually not
encountered.

To summarize, gs < gsQ results in no phase change, gsQ <
8s < gsi results in a steady state with only partial melting, gsl
— 8s < gS2 results in 100% melting in finite time from wall 1,
and gs > gs2 results in 100% melting in finite time from both
walls.

The numerical integration of the system equations for the
partially melted case is shown in Fig. 3, where the scaled heat

For the parallel plate limit, the partially melted steady-state
condition can be obtained analytically as

N' + K +
N' 4>/3 (K - l)Nr (38)

For gs > gsl, the phase-change front grows rapidly to complete
melting, as shown in Fig. 4, where the applied flux was taken

Case G-A
Under microgravity conditions where a void gap may form

between the PCM and the outer wall (G cases), there is only
radiative transport between the outer wall and the PCM. This
will cause considerable temperature increase in wall 1, and
some energy storage in the wall.

There are no further simplifications possible to the system
[Eqs. (17-23)]. Nevertheless, for an adiabatic wall 2, it pos-
sesses the exact integral

a(^ - 1) + §3 - A5i/2 + FS2 + A82
2/2 = Ngsr = r'

(39)

which, for the fully melted condition, 82 + 83 = 1, reduces
to

F)/2 (40)

By comparison with Eqs. (24) and (25), these results represent
the sum of the energies stored in the PCM and in wall 1.
Exact calculation of the melting time from Eq. (40) is not
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Fig. 5 Growth of phase-change fronts for annulus with F = 0.5 (gap
at outer wall; adiabatic inner wall; gsm = 0.1; a = 0.1; ——, e0m =
0.1; -», e0m = 0.3).
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1.00

Fig. 6 Wall temperatures for annulus with F = 0.5 (gap at outer
wall; adiabatic inner wall; gsm = 0.1; a = 0.1).

immediate, because the original system must be solved to
determine wall temperature \jfl at any time; however, the ratio
of wall capacitance to phase-change capacitance is a small
quantity, a = 0(0.1), so that melting times are only slightly
longer than for liquid contacting wall 1.

A numerical integration of system [Eqs. 17-23)] for F =
0-5, gsm = 0.1, a = 0.1, and for radiation functions from Fig.
Al, is shown in Fig. 5. In contrast to case C-A, most of the
melting takes place from the inner wall, and only a slight
amount near the outer wall; otherwise, the melting is com-
pleted in about the same time as previously, because of the
small value of a.

The corresponding wall temperature variations are shown
in Fig. 6, where there is a dramatic sudden increase in the
outer wall temperature, in contrast to the liquid contact case
where this temperature increased only slightly and gradually.
Asymptotic analysis shows this initial temperature "jump" to
be approximated by

<Al,outer(0) = (41)

The effect of the emissivity on ̂  is evident in both Eq. (41)
and Fig. 6, whereas there is a smaller effect on i//2; the in-
terface temperature i/>3 increased only slightly from 1. Clearly
from Eq. (41), an increase in the applied flux gsm would cause
a further increase in the outer wall temperature.

Case G-B
With the gap at the outer wall, and convection at the inner

wall, the flux limit definitions for gs0 [Eq. (32)] and g5l [Eq.
(34)] apply as previously; however, ^2 must now be calculated
from the nonlinear equations. Because IJL is a small quantity,
it is found for the steady-state limit that i/^20 = 1 -
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Fig. 7 Growth of phase-change fronts for annulus with F = 0.5 (gap
at outer wall; convective inner wall; a — 0.1; e0m = 0.1; j3 = 0.5;
Nm = 1; 0y = 0.8; ic = 1.5).

0.90
0.2 0.3 0.4 0.5 0.6 0.7 0.8

Fig. 8 Wall temperatures for annulus with F = 0.5 (gap at outer
wall; convective inner wall; a = 0.1; e0m = 0.1; /3 = 0.5; Nm = 1;
if/f = 0.8; K - 1.5).

such that gsQ = gsl[l - C(ju-)]; that is, for any phase change
to occur at all, g^ must be very near the limit, g5l. Above this
limit, gs2 = gsl[l + 0(/x)], so that melting will occur from
wall 2 for gs just slightly above g5l.

An example of this behavior is shown in Fig. 7, where gs
= <£g5l: for <£ = 1 there is only slight melting from surface
3, and no melting at surface 2; for </> = 1.5 the melting rates
are about the same from both surfaces, but a long time is
required for complete melting; for (/> > 2 the melting rate is
greater from surface 2, the inner wall, and complete melting
was attained for the times r" shown in the figure. Comparison
with the adiabatic cases in Fig. 4 shows that a longer melting
time is needed with convective heat transfer, as expected.

Corresponding temperatures are shown in Fig. 8: after the
initial jump, these remain essentially constant during the melt-
ing process. With the initial condition of 53(0) = 0 [</>3(0) =
1], 1̂ 1 (0) is greater than 1, approximately as given by Eq. (41),
and i/>z(0) is slightly less than 1, as shown.

Conclusions
Four analytical cases have been considered for the melting

of lithium-fluoride in an annulus with impressed heat flux at
one boundary, including the effect of internal radiation heat
transfer. It was found that this process is quasisteady when
the solid LiF near the outer wall is initially at the melting
temperature. Radiation was found to be an important effect,
especially in the presence of void gaps near the outer wall.

For the adiabatic inner wall condition, the time for complete
melting is a fixed quantity which depends only slightly on
voids. However, the location of the phase boundaries is strongly
influenced by the void gap, with melting occurring primarily
from the outer wall when there is liquid contact, and primarily
from the inner wall when there is a void gap at wall 1. Wall
temperatures remained close to the melting temperature with
liquid PCM contacting wall 1; but, the wall-1 temperature has
a large and sudden increase above the melting temperature
when a void gap is present at wall 1.
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For the convective inner wall conditions there may or may
not be complete melting, depending on the level of impressed
heat flux, relative to the fluid temperature and other problem
parameters. For liquid PCM contacting wall 1, melting oc-
curred only from wall 1 for moderate heat fluxes, and steady-
state partially melted conditions were determined; for a void
gap at wall 1, conditions for partial melting almost did not
exist and a substantially high heat flux is required in order to
cause any melting at all.

In summary, the results show fundamentally different be-
haviors, depending on the boundary conditions employed.
Thus, experimental results from the flight experiments, where
the inner wall is essentially adiabatic, cannot be used directly
for convection applications, without interpretive analytical/
numerical modeling; nor can ground-based results, under 1-g
acceleration, be used directly in microgravity applications.

Appendix A: Radiation Model
Experimental data for LiF9 indicate a near-perfect trans-

parency for wavelengths below 5.5 /zm, and optically thick
properties for wavelengths above about 7 /im. Therefore, a
two-band radiation model is considered where the LiF is trans-
parent for wavelengths below 5.5 ftm (the a band), and op-
tically thick for wavelengths above this value (the b band).
(This model obviously neglects processes in a narrow band
where the LiF is neither transparent nor optically thick.)

In the a band there is radiation exchange between the two
bounding metal walls, and spectral variations of properties of
the walls, and of the LiF with index of refraction n are in-
cluded. In the vicinity of Tm = 1120 K, most of the emitted
radiation is in this transparent band. In the b band, there is
a minor radiative addition to the LiF conductivity and, in the
presence of a void, minor radiation between wall 1 and the
LiF surface.

Wall Emissivity
Spectral emission into a medium with refractive index n is

given by the Planck formula and the spectral emissivity19

ev = &vebv = (Al)

where £ = c2ln\T = vlvQ, VQ = c077c2, c0 = 3 x 108 m/s, c2
= 14,388 jiim K, and where

ehr =
15 aT4

"o - 1
(A2)

Here, sv represents emission into the medium relative to
blackbody emission into the medium, and ef represents emis-
sion into the medium relative to blackbody emission into vac-
uum', the latter can be greater than one whenever n is greater
than one.

For a number of metal surfaces at the high temperatures
under consideration, experiments have shown that the normal
spectral emissivity varies with wavelength to the -\ power,
even into the visible part of the spectrum20'21; therefore con-
sistent with electromagnetic theory, we take

£„ = £A = (A3)

where sAc is the best-fit emissivity for n = 1 at wavelength
Ac, and where fc = C2IXCT. For emission into vacuum, this
model yields the total normal emissivity

exc 15 xc
= - (A4)

where c4 = 7r4/(15 x 12.27) - 0.529. For example, for Nickel
at 1390 K with the experimental value exc = 0.25 at Ac = 1
/xm (Seban20), the model yields s0t = 0.147; for exc = 0.08
at Ac = 9 /mi it yields e0r = 0.141, which indicates good

agreement with experimental measurements for this material
at this temperature.

Now combining Eqs. (Al), (A2), and (A4), the effective
spectral emissivity for emission into medium n is given by

£ = c n3e *\fi (A5)

Thus, if the total normal (hemispherical) emissivity function
eQt(T/Tm) for emission into vacuum is known in the vicinity
of Tm, then Eq. (A5) yields an approximate spectral normal
(hemispherical) emissivity for emission into medium n. For
example, with e0t = 0.147 from the above calculation, the
emissivity at A = 1 )iun for emission into LiF (n ~ 1.4) is
0.58.

A-Band Radiation Exchange
Application of radiosity microbalance22'23 to the phases and

surfaces in Fig. 1, yields the spectral flux at wall 1

(A6)

where the effective interface transmittance is

re = (1 - 2p3)/(l - p3) « r3 « 0.98

Thus, the a band total radiative flux is

Combining Eq. (A2) with Eqs. (A5-A7), results in

where

(A7)

(A8)

12.27

/:,
(A9)

and £ai = £,„/&, £am = c2va/c0Tm, & = Tf/Tm, e0m = e0r(l).
In Eq. (A9), nl = n(if/^) and n2 = ft(*/>2£) for LiF contact

with both walls, whereas n^ = 1 in the presence of a void gap
at wall 1; for the region considered, the LiF spectral refraction
index data of Palik and Hunter9 may be represented as a
function of wave number, as follows:

n(*l/() = 1.38 + 7.79 x (A10)

A closed-form integration of Eq. (A9) is not possible; how-
ever, it may be evaluated in the vicinity of Tm by use of Taylor
series expansions about this temperature. Since wall temper-
atures, on an absolute scale, do not depart strongly from Tm,
this is a valid procedure, which yields for LiF contact with
walls 1 and 2

(All)
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and for a void gap at wall 1

£nm 1

where for y = c or g

(A12)

2.4

2.2

2.0

1 .8
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1 .4

1 .0
0.8
0.6
0.4
0.2

0.50
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0.75 1.00 1.25 1.50
if

Fig. Al Radiation function evaluation.

f m 3 f14 fr'(£)s
hyWi) U21 j^m/4>i D2^n

* ,.,X _ '4/2

Here, the denominators are

D0c = {[(1

and the numerator function is

- 1)]

(A15)

(A16)

(A17)

(A18)

(A19)

which is less than 1% at the computational upper limit of
£ = 14; here ' denotes the derivative with respect to the
function argument. A sample evaluation of /Oy is shown in
Fig. Al.

B-Band Radiation Effect
In the optically thick region of the spectrum there is radia-

tion exchange across the wall-1 void gap according to

(A20)

where e^ is obtained as before, but with n = 1, and e(2 is
obtained from electromagnetic theory as

S{2 = {4n/[(n +1)2 + k2]} (A21)

With the data of Palik and Hunter,9 evaluation of Eqs. (A20)
and (A21) results in

where ^ is a slightly decreasing function of increasing tem-
perature, with an average value of JJL = 0.163. Thus, radiation
exchange across the gap is quite small.

Energy absorption in the medium is modeled as Rosseland
conductivity22'23

where ax = 47rk/\. Evaluation of this function shows but a
weak temperature dependence, and an approximate value of
0.005 W/cm K, which is an order of magnitude less than the

medium thermal conductivity. Thus, there is only minor b-
band radiative effect on the phase-change heat transfer prob-
lem.

Appendix B: Asymptotic Analysis of the Flux
Stefan Problem

Consider a plane layer of liquid PCM initially in equilibrium
at Tm and having initial thickness L0; it is in contact with the
canister wall at X = 0, and with solid PCM at X = L0. At
time £0 = 0, heat flux q is suddenly applied at X = 0, yielding
the following boundary value problem:

1 dT
a dt

d2T
dX2

T(X, t0) = Tm

T[L(t), t] = Tm

, dT

-k sx X=L(t)

L(0) = L0

(Bl)

(B2)

(B3)

(B4)

(B5)

(B6)

Here 0 = thermal diffusivity, and H = latent heat of fusion.
This is a penetration-type boundary-layer problem in which

the "disturbance," q, propagates from X = 0 as the boundary-
layer thickness

(B7)

to reach the phase-change boundary in time f t , where
= L0 (e.g., Arpachi and Larsen13):

(B8)

During this time interval, 0 < f < r1? the wall temperature
increases as

with

w = Tm + qd(t)!2k = Tm + q\/'(6ai)/2k (B9)

(BIO)

No changes occur at the phase-change boundary until t>tl.
It is noted, however, that for arbitrarily thin initial liquid
layers [lim(L0) —> 0], both tl and 8(t) approach zero, so that
there is no temperature increase in this limit. This is the case
when the solid PCM initially contacts the canister wall.
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Two time scales are evident in the system, [Eqs. (B1-B6)],
the diffusion time td = L^fa, and the phase-change time tp =
pHL0/q, with td « tp. This makes the system a classical
singular perturbation problem in time, which may be solved
by asymptotic expansions or multivariable methods24'25; in
combination with the integral approximation,13 this yields to
lowest order the composite expansion

{1 - exp[-3a(t'-' t (Bll)

It is seen in Eq. (Bll) that there is a discontinuity in wall
temperature as represented by the "inner-time" exponential.
But, again, for L0 —» 0, this singularity is removed and only
the outer "quasisteady" solution remains

,outer = Tm + (q2/kpH)t (B12)

It is noteworthy that the linear outer-time solution satisfies
the initial condition TW(Q) = Tm, in contrast to the conven-
tional temperature Stefan problem where the initial wall tem-
perature at to is not Tm.

Therefore, for the solid PCM initially contacting the can-
ister wall, or for small initial liquid layers, there is no signif-
icant boundary-layer effect, or effect of the liquid specific
heat, and the outer-time solution provides the whole solution
to the problem. This conclusion is also reached when the
initial temperature profile is different from constant at Tw.
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